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Abstract
We study the conditions for 2-dimensional dilaton gravity models to have dynamical formation
of black holes and construct all such models. Furthermore we present a parametric representation of
the general solutions of the black holes.
1 Introduction
The two-dimensional dilaton gravity has attracted much attention in the context not only of string
theory but also of the Hawking radiation.
It turns out that even in two dimensions the event horizon can be dynamically formed and the thermal
radiation is emitted from the hole if the quantum effect is taken into account[2, 4]. It is widely believed
that the physical essence of the two-dimensional Hawking radiation is equivalent to the four-dimensional
physics.
The dilaton gravity in two dimensions does not have a unique action and there exist an infinite number
of variations of the theories. Thus it is quite crucial to extract aspects independent of the detail of the
models.
Much effort has been already made to solve the most general dilaton gravity model and many pro-
gresses have been achieved in this direction[1, 5, 6, 7, 8]. Especially the general static solutions are
formally obtained using the conformal transformation technique[8].
However it is not fully addressed the question about what kinds of the dilaton gravity models survive
after imposing the following requirements which is quite reasonable to expect to hold. Firstly the model
should have the flat vacuum solution in order to describe the state before the black-hole formation.
Secondly the model should admit a family of static black-hole solutions with regular horizons. The mass
of the hole can get heavier without bound. Finally the black holes should be created in process of the
gravitational collapse. For example the infalling matter shock-wave will bring about the formation of a
black hole.
In this paper we address and solve this question. Namely we construct all the dilaton gravity theories
containing at most second derivatives of the fields in the action which satisfy the above requirements.
Moreover we give a parametric representation of the general black-hole solutions.
This paper is organized as follows. We give a short review on the most general model of dilaton
gravity in section 2. In section 3 we analyze the conditions for the existence of the flat vacuum as well as
a black hole, and then construct all the theories which admit at least one black-hole solution by imposing
appropriate boundary condition at the black hole horizon. It is shown that the theories can be completely
labeled using two parameters g and µ. In section 4 we discuss the dynamical formation of the black hole.
In this argument the parameter µ is identified as the black-hole mass. In section 5 we obtain general
black-hole solutions with larger masses than µ. Furthermore it will be shown that the parameter g is
fixed if the event horizon does not vanish for the arbitrarily large mass of the hole. Consequently it will
be argued that all the theories satisfying the natural criteria are completely fixed by giving an arbitrary
input black-hole configuration and its mass µ. In the section 6 and 7 we discuss two examples in some
detail.
2 Two-Dimensional Dilaton Gravity
Let us first write down the action of the dilaton gravity including only second derivative terms and
the dilatonic cosmological term.
S =
1
2π
∫
d2x
√−g
(
F (φ)R + 4G(φ)(∇φ)2 + 4λ2U(φ)− 1
2
(∇f)2
)
. (1)
Here gab is the two-dimensional metric and φ is the dilaton field. The forms of the functions F , G and
U are arbitrary so far, but will be specified later to admit solutions describing black formation process.
The constant λ has one mass dimension. A massless matter field f is included in the above action since
we shall consider the process of gravitational collapse in later section.
Now we adopt the conformal gauge fixing for the metric.
x± = t± r.
ds2 = −e2ρdx+dx− (2)
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Note that there remains a residual gauge freedom in equation (2), that is, the conformal gauge transfor-
mation:
x′
±
= x′
±
(x±), (3)
ρ′ = ρ− 1
2
ln
[
dx′
+
dx+
dx′
−
dx−
]
. (4)
We do not fix this gauge freedom and change the coordinates at our convenience.
The connections and the scalar curvature can be simply calculated From the above metric.
Γ+++ = 2∂+ρ,
Γ−−− = 2∂−ρ,
R = 8e−2ρ∂+∂−ρ.
The equations of motion are derived by taking variation of the action (1). In the conformal gauge
they are written as
2F ′∂+∂−ρ+ 8G∂+∂−φ+ 4G
′∂+φ∂−φ+ λ
2U ′e2ρ = 0, (5)
∂+∂−F + λ
2Ue2ρ = 0, (6)
∂2±F − 2∂±ρ∂±F − 4G(∂±φ)2 = −
1
2
(∂±f)
2. (7)
The equation (7) is the first constraint of the system and the equation (5) is automatically satisfied if
equations (6) and (7) hold.
For static solutions without matter the equations (5) ∼ (7) can be rewritten in the following forms.
F ′ρ¨+ 4Gφ¨ = 2λ2U ′e2ρ − 2G′φ˙2, (8)
F ′φ¨ = 4λ2Ue2ρ − F ′′φ˙2, (9)
λ2Ue2ρ = Gφ˙2 +
1
2
F ′ρ˙φ˙ (10)
Here the prime means the derivative with respect to φ and the dot to the spacelike variable r.
3 Existence of the Flat Vacuum State and a Black Hole Solu-
tion
In order to restrict general two-dimensional dilaton gravity described in the previous section, we first
consider the condition for the existence of the flat vacuum solution:
ρ = C = const, (11)
φ = φvac(r). (12)
Substituting (11) and (12) into the equations of motions (8) ∼ (10), we get the necessary condition
of the vacuum existence as follows.
U ′
U
=
G′
G
− 2F
′′
F ′
+ 8
G
F ′
. (13)
Furthermore it is easily seen that the condition (13) is used to show that the theory has the flat vacuum
solution and the dilaton field in the vacuum state is then obtained by integrating the following differential
equation:
dφ
dr
= λeC
(
U(φ)
G(φ)
)1/2
. (14)
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Next we consider the condition for the existence of a black hole solution. The black-hole configuration
can be generally expressed, using the conformal gauge transformation, as
φ = φ(r) (15)
ρ(r ∼ −∞) = λr + ρo + ρ1e2λr + ρ2e4λr + · · · (16)
lim
r→∞
ρ = ρ(∞) = finite. (17)
Otherwise the function ρ(r) is chosen arbitrary except that ρ(∞) > ρ(r) which is needed to ensure the
regularity of the dilaton field. In this expression the event horizon stays at r = −∞ and the scalar
curvature on the horizon is −8λ2ρ1. It is of course possible to investigate inside the horizon by changing
the coordinates like
x± = ± 1
λ
e±λX
±
.
Then the horizon is mapped into null surfaces X+ = 0 and X− = 0.
Let us assume the configuration to be a solution of the equations of motion (8) ∼ (10). If we introduce
three functions of r:
F = F (φ(r)), (18)
G¯ = φ˙2G(φ(r)), (19)
U = U(φ(r)), (20)
then the equations of motion are rewritten as
F˙ ρ¨ = 2λ2U˙e2ρ − 2 ˙¯G, (21)
F¨ = 4λ2Ue2ρ, (22)
λ2Ue2ρ = G¯+
1
2
F˙ ρ˙. (23)
It is quite essential to realize the fact that giving a black-hole solution imposes restrictions on the
theory. The form of ρ(r) which satisfies the boundary condition (16) ∼ (17) leads us to explicit forms of
F , G and U .
Let us prove this statement. From the equations of motion (22) and (23) we can express G¯(r) and
U(φ(r)) by F (φ(r)) and ρ(r).
G¯ =
1
4
[
F¨ − 2ρ˙F˙
]
(24)
U =
e−2ρ
4λ2
F¨ (25)
The functions F , G and U are also subject to the vacuum-existence condition (12). The equation (12) is
reexpressed as
U˙
U
−
˙¯G
G¯
+ 2
F¨
F˙
= 8
G¯
F˙
(26)
By substituting (24) and (25) into (26) we obtain the equation to determine F (φ(r)) from ρ(r).
F (3)
F¨
− 2 F¨
F˙
=
ρ¨
ρ˙
− 2ρ˙. (27)
The differential equation (27) can be straightforwardly integrated and we get the general solution as
follows.
F˙ =
2gµ
e−2ρ − g2 , (28)
F = Fo +
∫
2gµ
e−2ρ − g2 dr (29)
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where µ , g and Fo are integration constants. Note that in the case that g → 0 with gµ fixed the solution
(28) takes the form F˙ = Ae2ρ, but it leads to G¯ = 0 which is not interesting in the present discussion.
Thus we will not consider such a case henceforce.
The integration constant Fo above does not generate any physical effect because the variation of∫ √−gFoRd2x
in the action yields just a boundary term and does not contribute to the equations of motion.
Substituting (28) into (24) and (25) yields the following expressions.
G¯ =
gρ˙
4µ
[
2gµ
e−2ρ − g2
]2
(30)
U =
gµ
λ2
ρ˙e−4ρ
[e−2ρ − g2]2 (31)
The equations (29),(30) and (31) are the required expressions.
It is notable that φ(r) is not yet specified though we have consumed all the information of the equations
of motion and the vacuum-existence condition. This is reflected by the fact that dilaton-field redefinition:
φ˜ = φ˜(φ)
does not change the theory itself. The functional form of φ(r) depends on the definition adopted by the
dilaton field φ and thus has no physical meaning. On the other hand the r-dependences of F , G¯ and U
are independent of the dilaton-redefinition and real physical quantities.
We can take the form of φ(r) as we wish and impose
φ˙(r) > 0. (32)
Then r is solved by φ keeping one-to-one correspondence.
r = r(φ). (33)
Using this and equations (29)∼(31), we reconstruct F (φ), G(φ) and U(φ) as follows.
F = F (φ(r(φ))) (34)
G =
G¯(r(φ))
φ˙(r(φ))2
(35)
U = U(φ(r(φ))) (36)
As easily understood from the action (1), the inverse of F can be identified as the gravitational
constant. Thus in the normal situation it is natural to take
F ≥ 0, (37)
F˙ > 0. (38)
This property of F enables us to define the dilaton field to satisfy
F (φ) = φ,
holding equation (32). We adopt this definition for F in the following sections.
4 Gravitational Collapse Solution
4
The theory we discussed in the section 4 has the vacuum solution (ρvac(r) = const, φvac(r)) and a
black-hole solution (ρ(r), φ(r)). From these two solutions we can construct a solution which describes the
dynamical formation of a black hole caused by a shock-wave type source:
1
2
(∂+f)
2 = εδ(x+ − z+).
The spacetime is in the vacuum state for x+ < z+ and a black hole appears for x+ > z+. Thus the
metric of this process may be written as
ds2 = −dx+dx−
(
Θ(x+ − z+)e2ρ(r= 12 (x+−x−)) + Θ(z+ − x+)e2ρ(r= 12 (z+−x−))
)
.
where Θ is the step function.
For the vacuum portion there exist the canonical coordinates σ± where the metric and dilaton can
be expressed as follows.
ds2 = −e2Cdσ+dσ− = e2C(−dT 2 + dX2) (39)
dφvac
dX
= λeC
(
U(φvac)
G(φvac)
)1/2
(40)
Integration of the equation (40) together with (30) and (31) yields the expression for X in terms of r.
X = ge−C
∫ r(φvac)
e2ρ(r)dr. (41)
It is also easy to write down explicitly the coordinate transformation between x± and σ±.
σ+ = x+, (42)
σ− =
∫
exp
[
2ρ
(
r =
1
2
(z+ − x−)
)
− 2C
]
dx−. (43)
Using the relation:
X =
1
2
(x+ − σ−(x−)), (44)
we get a non-trivial relation:
1
2
(x+ − σ−(x−)) = ge−C
∫ r(φvac(x+,x−))
e2ρ(r)dr. (45)
Differentiation of equation (45) with respect to x± yields
∂φvac
∂x+
= eC
µ
1− g2e2ρ˜(x+,x−) , (46)
∂φvac
∂x−
= −e−C+2ρ(r= 12 (z+−x−)) µ
1− g2e2ρ˜(x+,x−) , (47)
ρ˜(x+, x−) ≡ ρ(r = r(φvac(x+, x−))) (48)
where we used (28) for F = φ.
The shock-wave contribution appears in ++ part of the equations of motion (7) as follows.
∂2+φ− 2∂+ρ∂+φ− 4G(∂+φ)2 = −εδ(x+ − z+). (49)
From this a junction constraint must be imposed.
∂φ
∂x+
|x+=z+ −
∂φvac
∂x+
|x+=z+ = −ε. (50)
5
On the other hand the remaining part of the equation (7) leads to a continuity condition:
∂φ
∂x−
|x+=z+ −
∂φvac
∂x−
|x+=z+ = 0. (51)
Noticing
∂±φ = ±1
2
dφ
dr
= ± gµ
e−2ρ(r) − g2
and substituting the equations (46) and (47) into the equations (50) and (51), the following relations are
obtained.
ε =
µ
g
(52)
e2C =
1
g2
(53)
ρ˜(z+, x−) = ρ
(
r =
1
2
(z+ − x−)
)
(54)
The last equation (54) is automatically satisfied by the definition (48).
From equations (52) and (53) the total mass of the collapsing body is evaluated as
M = e−Cε = µ.
Thus the parameter µ is identified as the mass of the black hole. This is also confirmed by evaluating
the ADM mass.
We shall prove that µ is in fact the ADM mass. According to Mann[7], the conserved ADM mass M
is constructed from the conserved current
Jµ = Tµνǫ
να∇αK(φ) (55)
where Tµν is the stress-energy tensor and K takes the following form in our case.
K = K0
∫ φ
dφe−4
∫
φ
G (56)
where the constant K0 is chosen by the condition that the vector ξ
µ = ǫνα∇αK is normalized unity at
spatial infinity. Then the mass function m is introduced as Jµ = ǫ
ν
µ∇νm which is written in our present
case with F = φ as follows.
m =
K0
2
[
4λ2
∫ φ
dφUe−4
∫
φ
G − (∇φ)2e−4
∫
φ
G
]
(57)
The ADM mass is evaluated as the limit of m at the spatial infinity. In our static situation for x+ > z+,
the mass function is easily evaluated as
m =
K0
2
[
λ2
(
U
G
)1/2
− e−2ρφ˙2
(
G
U
)1/2]
=
K0
2
λ
g
φ˙[e−2ρ − g2]
= K0λµ (58)
where we have used the relation
U = G exp
[
8
∫ φ
Gdφ
]
(59)
which is obtained from the vacuum existence condition (13), and the relations (28), (30) ,(31) and (53).
The normalization constant K0 is fixed as follows. Using the above relation, (56) takes the form
K = K0
∫ φ
dφ
(
G
U
)1/2
, (60)
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This gives us the timelike Killing vector ξ whose component at the spatial infinity is
K˙(∞) = K0
(
G¯
U
)1/2
|r=∞ = K0λ
g
(61)
Since the metric takes the form e2C = g−2 at the spatial infinity, the normalization constant is chosen as
K0 = 1/λ which gives us the required result for the mass.
5 Black Holes with Larger Mass
As seen in the section 4, giving a black-hole configuration and specifying g and the mass µ is equivalent
to fixing the action of the dilaton gravity possessing the minkowski and the black-hole configurations as
solutions of the equations of motion.
In this section we prove that the theory has static black-hole solutions with larger masses than µ.
Taking the dilaton definition as F = φ, the following relations come from equations (28), (29) and
(30).
φ = φo +
∫ r
−∞
2gµ
e−2ρ − g2 dr (62)
r = r(φ − φo, µ, g) (63)
G = G[φ − φo, µ, g, ρ(r)] (64)
U = U [φ− φo, µ, g, ρ(r)] (65)
Let us consider another static configuration (ρ′(r′), φ′(r′)) as a solution of the same theory; (F =
φ,G(φ), U(φ)). From the same argument in the section 4 the following relations must hold.
dφ′
dr′
=
2gbM
g2e−2ρ′ − b2 , (66)
r′ = r′(φ′ − φ′o,M, b), (67)
G[φ′ − φ′o,M, b, ρ′(r′)] =
b
4gM
dρ′
dr′
, (68)
U [φ′ − φ′o,M, b, ρ′(r′)] = g3b
M
λ2
[
e−2ρ
′
g2e−2ρ′ − b2
]2
dρ′
dr′
, (69)
where b and M are some constants.
In order to ensure that the configurations ρ(r) and ρ′(r′) are the solutions of the same system, the
following relations are needed.
G[φ′ − φ′o,M, b, ρ′(r′)] = G[φ − φo, µ, g, ρ(r)], (70)
U [φ′ − φ′o,M, b, ρ′(r′)] = U [φ− φo, µ, g, ρ(r)]. (71)
These yield two equations:
dr′
dr
=
bµ
g2M
dρ′
dρ
, (72)
e2ρ
′
=
g2
b2
[
1− M
µ
(1 − g2e2ρ)
]
. (73)
By substituting (73) into (72) and integrating it we acquire the transformation relation between r
and r′.
r′ − r′o = b
∫
e2ρ
1− Mµ (1− g2e2ρ)
dr. (74)
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Now let us concentrate on the parameter space with
M > µ.
Then there exists a point r = rH where
e2ρ(rH) =
1
g2
[
1− µ
M
]
. (75)
When r approaches to rH , the value of r diverges to −∞. If we take
b = g2
M
µλ
dρ
dr
(rH),
the asymptotic behavior is given as follows.
ρ′(r′ ∼ −∞) = λr′ + ρ′o + ρ′1e2λr
′
+ · · · . (76)
This is precisely a black-hole configuration. Repeating the junction argument in the section 5 for this
black hole, M can be exactly proven as the mass of the hole.
Note that the regularity of the dilaton field everywhere outside the horizon and the permission to
have arbitrary heavy mass of the black hole are guaranteed by setting
g = e−ρ(∞).
which is derived by the equations (62) and (73).
Then the functions specifying the action, F , G and U are given by a parametric representation as
follows.
F (φ) = φ (77)
G(φ) =
e−ρ(∞)
4µ
ρ˙(r), (78)
U(φ) =
µ
λ2
e−ρ(∞)ρ˙(r)
(1− e2ρ(r)−2ρ(∞))2 . (79)
φ = φo + 2µ
∫ r
−∞
e−ρ(∞)
e−2ρ(r) − e−2ρ(∞) dr, (80)
Finally we obtain a parametric representation of the black-hole solution:
φ′(r′) = φ(r) = φo +
∫ r
−∞
2µe−ρ(∞)
e−2ρ(r) − e−2ρ(∞) dr, (81)
e2ρ
′(r′) =
λ2µ2e2ρ(∞)
M2ρ˙(rH)2
[
1− M
µ
(1 − e2ρ(r)−2ρ(∞))
]
, (82)
r′ − r′o = M
µ
ρ˙(rH)
λ
∫
e2ρ(r)−2ρ(∞)
1− Mµ (1− e2ρ(r)−2ρ(∞))
dr, (83)
where
e2ρ(rH)−2ρ(∞) = 1− µ
M
.
This is our main result. Once the input black-hole configuration ρ(r) and its mass µ are given arbi-
trary, the theory is fixed by the equations (77), (78) and (79). Then the equations (81)∼ (83) generate
black holes with M > µ.
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6 CGHS Black Holes
In this section we check the formula (78)∼(83) for the well-known CGHS black hole[2].
Let first give the CGHS black hole with mass µ = λ.
e2ρ =
1
1 + e−2λr
. (84)
Then the horizon for the black hole with mass M is evaluated as follows.
rH = − 1
2λ
ln
(
λ
M − λ
)
ρ˙(rH) =
λ2
M
The equation (80) with
φo = 1
yields
φ = 1 + e2λr, (85)
r =
1
2λ
ln[φ− 1]. (86)
The equation (78) and (79) give
G =
1
4
1
1 + e2λr
=
1
4φ
U = 1 + e2λr = φ.
Thus equation (78)∼ (80) reproduce the precise form of the CGHS action.
From equations (80)∼ (82) with
r′o = 0,
the following relations come out.
r′ =
1
2λ
ln
[
e2λr + 1− M
λ
]
,
e2ρ
′
=
1
1 + Mλ e
−2λr′
,
φ′ = e2λr
′
+
M
λ
.
Thus the CGHS black-hole solutions with mass M is exactly reproduced.
7 Modified CGHS Black Holes
In this section we discuss a more non-trivial example. Let us set up the metric like
e2ρ =
1 + ǫe2λr
1 + e−2λr + ǫe2λr
.
Also let its mass
µ = λ
and take the parameters as follows.
φo = 1,
9
r′o = 0.
From equation (80) the dilaton field is solved as
φ(r) = 1 + e2λr +
ǫ
2
e4λr, (87)
r =
1
2λ
ln
[
1
ǫ
(
√
1 + 2ǫ(φ− 1)− 1)
]
. (88)
Substituting equation(88) into equations (78) and (79) yields
F (φ) = φ, (89)
G(φ) =
1
4
[√
1 + 2ǫ(φ− 1)− 12
] [
1 + ǫ(2φ− 1) +
√
1 + 2ǫ(φ− 1)
]
[
φ+ ǫ2 (2φ− 1)2
]√
1 + 2ǫ(φ− 1) , (90)
U(φ) =
4
ǫ2
G(φ)
[
1 + ǫ(2φ− 1)−
√
1 + 2ǫ(φ− 1)
]2
. (91)
These determine the action of the theory.
Next consider the black holes with mass M > µ. The horizon is given as follows.
rH =
1
2λ
ln
[
1
2ǫ
[√
1 + 4ǫ
(
M
λ
− 1
)
− 1
]]
, (92)
ρ˙(rH) =
λ3
2ǫM(M − λ)
√
1 + 4ǫ
(
M
λ
− 1
)[√
1 + 4ǫ
(
M
λ
− 1
)
− 1
]
.
Then the final result is expressed as follows.
φ = 1 + s+
ǫ
2
s2,
e2ρ =
1 + 2ǫ
(
M
λ − 1
)
+
√
1 + 4ǫ
(
M
λ − 1
)
2
(
1 + 4ǫ
(
M
λ − 1
)) s+ ǫs2 + 1− Mλ
1 + s+ ǫs2
,
e2λr
′
=
[
s+
1
2ǫ
(
1−
√
1 + 4ǫ
(
M
λ
− 1
))]1−β [
s+
1
2ǫ
(
1 +
√
1 + 4ǫ
(
M
λ
− 1
))]β
,
β =
1
2

1− 1√
1 + 4ǫ
(
M
λ − 1
)

 .
where s = e2λr.
This is a parametric representation of the black-hole solution with massM in the theory with equations
(89)∼(91). The parameter s runs in the following region.
1
2ǫ
[√
1 + 4ǫ
(
M
λ
− 1
)
− 1
]
≤ s ≤ ∞.
(−∞ ≤ r ≤ ∞.)
8 Summary
We have investigated the conditions for two-dimensional dilaton gravity to have a vacuum solution as
well as a black hole solution. The general expression for a black hole solutions is obtained by giving
an arbitrary function with appropriate boundary conditions. Then we derive the solution describing
dynamical formation of a black hole by a shock-wave type material source. Furthermore we obtained a
parametric representation of general solution of black holes with arbitrary mass. Thus our work should
be regarded as the general formalism to derive general solutions describing not only a static black hole
but also dynamical formation of black hole. It is quite interesting to see the quantum effect in our model.
This remains as a future problem.
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